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CERTAIN NUMBERS ON THE GROUPS OF
SELF-HOMOTOPY EQUIVALENCES
Ho Won Choi and Kee Young Lee
Abstract. For a connected based space X, let [X,X] be the set of all
based homotopy classes of base point preserving self map of X and let
E(X) be the group of self-homotopy equivalences of X. We denote by
Ak♯ (X) the set of homotopy classes of self-maps of X that induce an
automorphism of pii(X) for i = 0, 1, · · · , k. That is, [f ] ∈ A
k
♯ (X) if and
only if pii(f) : pii(X) → pii(X) is an isomorphism for i = 0, 1, · · · , k.
Then, E(X) ⊆ Ak♯ (X) ⊆ [X,X] for a nonnegative integer k. Moreover,
for a connected CW-complex X, we have E(X) = A♯(X). In this paper,
we study the properties of Ak♯ (X) and discuss the conditions under which
E(X) = Ak♯ (X) and the minimum value of such k. Furthermore, we
determine the value of k for various spaces, including spheres, products
of spaces, and Moore spaces.
1. Introduction
For a connected space X , we denote by [X,X ] the set of all based homotopy
classes of self maps of X . Then, [X,X ] is a monoid with multiplication given
by the composition of homotopy classes. Let E(X) be the set of self-homotopy
equivalences of X . Then, E(X) is a group with the operation given by the
composition of homotopy classes. E(X) has been studied extensively by vari-
ous authors, including Arkowitz[1], Maruyama[4], Lee[12], Oka[13], Rutter[15],
Sawashita[16], and Sieradski[17]. Several subgroups of E(X) have also been
studied. One of these is En♯ (X) which consists of the self-homotopy equiva-
lences that induce the identity homomorphism on homotopy groups pii(X), for
i = 1, 2, · · · , n. That is, En♯ (X) = {f ∈ E(X) | pii(f) = idπi(X) on pii(X) for i =
0, · · · , n}, where pii(f) : pii(X)→ pii(X) is the induced homomorphism of a map
f : X → X and n = ∞ is available. When n = ∞, we simply denote E∞♯ (X)
as E♯(X). It is well known that E(S
n) = Z2 and E♯(S
n) = 1, where Sn is the
n-dimensional sphere. Moreover, En♯ (X) is a subgroup of E(X) and, if n ≤ m,
Em♯ (X) ⊆ E
n
♯ (X). Thus, we have the following chain by inclusion:
E♯(X) ⊆ · · · ⊆ E
n
♯ (X) ⊆ · · · ⊆ E
1
♯ (X) ⊆ E(X).
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We denote by Ak♯ (X) the set of homotopy classes of self-maps of X that
induce an automorphism of pii(X) for i = 0, 1, · · · , k. That is, [f ] ∈ A
k
♯ (X) if
and only if pii(f) : pii(X)→ pii(X) is an isomorphism for i = 0, 1, · · · , k. Then,
for any nonnegative integer k, Ak♯ (X) is a submonoid of [X,X ] and always
contains E(X). n =∞ is available and, if n =∞, we simply denote A∞♯ (X) as
A♯(X). If k < n, then A
n
♯ (X) ⊆ A
k
♯ (X); thus, we have the following chain by
inclusion:
E(X) ⊆ A♯(X) ⊆ ... ⊆ A
1
♯ (X) ⊆ A
0
♯ (X) = [X,X ].
For any connected CW-complex X , we have A♯(X) = E(X). These two
facts give rise to the question of what is the largest An♯ (X) that is equal to
E(X). In other words, what is the minimum k such that E(X) = Ak♯ (X)? We
denote by NE(X) the least nonnegative integer k such that E(X) = Ak♯ (X),
and call it the self-closeness number of X . That is,
NE(X) = min{k | Ak♯ (X) = E(X) for k ≥ 0}.
In this paper, we investigate properties of the self-closeness number of a space
including the homotopy invariance, the relation with the dimension of spaces
and the relation with the n-connectivity. From the results of this investigation,
we completely determine the value of k in several specific cases. Moreover, we
give an equivalence relation on Ak♯ (X) and study the relations between the set
of equivalence classes and E(X), En♯ (X), or the self-closeness numbers.
Throughout this paper, all topological spaces are based and have the based
homotopy type of CW-complex. All maps and homotopies will preserve the
base points. For the spaces X and Y , we denote by [X,Y ] the set of homotopy
classes of maps from X to Y . We do not distinguish between the notation of a
map X → Y and that of its homotopy class in [X,Y ].
2. Properties of Ak♯ (X) and the self-closeness number
We begin by identifying Ak♯ (X) as a submonoid of [X,X ].
Lemma 1. Ak♯ (X) is a submonoid of [X,X ] for any nonnegative integer k.
Proof. Let f, g ∈ Ak♯ (X). Then, pii(f), pii(g) ∈ Aut(pii(X)) for i = 0, 1, · · · , k,
where Aut(pii(X)) is the automorphism group of pii(X). Thus, pii(f ◦ g) =
pii(f) ◦ pii(g) ∈ Aut(pii(X)) for i = 0, 1, · · · , k. It follows that f ◦ g ∈ A
k
♯ (X).
Clearly, f ◦ (g ◦ h) = (f ◦ g) ◦ h. Moreover, because pii(idX) = idπi(X) ∈
Aut(pii(X)) for i = 0, 1, · · · , k, idX ∈ A
k
♯ (X). 
In general, E(X) 6= A♯(X).
Example 1. Let X be a quasi-circle in the plane R2; that is,
X = {(x, y)| y = sin(
1
x
), 0 < x ≤
1
pi
} ∪ {(0, y)| − 2 ≤ y ≤ 1}
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∪{(x,−2)|0 ≤ x ≤
1
pi
} ∪ {(
1
pi
, y)| − 2 ≤ y ≤ 0}.
Then, for each x0 ∈ X , the inclusion map i : x0 → X is a weak homotopy
equivalence, but not a homotopy equivalence. Thus, the constant map C :
X → X given by C(x) = x0 is not a homotopy equivalence. Therefore, C does
not belong to E(X). However, as pii(X) = 0 for all i, pii(C) ∈ Aut(pii(X)) for
all i.
Whitehead theorem ensures that E(X) = A♯(X) provided that X is a CW-
complex.
Lemma 2. If X is a CW-complex, then E(X) = A♯(X).
In general, Ak−1♯ (X) 6= A
k
♯ (X).
Example 2. Let M(Z4, 5) be a Moore space. Then, by the results in [6],
[M(Z4, 5),M(Z4, 5)] ∼= Z4⊕Z2. SinceM(Z4, 5) is 4-connected, pii(M(Z4, 5)) =
0 for i = 0, 1, 2, 3, 4. Thus, A4♯ (M(Z4, 5)) = [M(Z4, 5),M(Z4, 5)]
∼= Z4 ⊕ Z2
and, for f ∈ [M(Z4, 5),M(Z4, 5)], f ∈ A
5
♯ (M(Z4, 5)) if and only if pi5(f) ∈
Aut(pi5(M(Z4, 5))). Therefore, A
5
♯ (M(Z4, 5))
∼= Z∗4 × Z2, where Z
∗
4 is the au-
tomorphism group of Z4. Rutter [15] showed that E(M(Z4, 5)) ∼= Z
∗
4 × Z2.
Consequently,
A5♯ (M(Z4, 5)) = E(M(Z4, 5))
∼= Z∗4 × Z2
∼= Z2 × Z2.
Therefore, we have
E(M(Z4, 5)) = A
5
♯ (M(Z4, 5))  A
4
♯ (M(Z4, 5)) = [M(Z4, 5),M(Z4, 5)].
Example 2 ensures that the self-closeness number NE(M(Z4, 5) is 5. We
will discuss details of the more general Moore spaces M(G,n) where G is an
abelian group in Section 3.
The self-closeness number is a homotopy invariant.
Theorem 1. Let X and Y be CW-complexes. If X and Y have the same
homotopy type, then NE(X) = NE(Y ).
Before we prove Theorem 1, we first show the following lemma .
Lemma 3. If X and Y have the same homotopy type, then there is a one-to-
one correspondence ψ : An♯ (X)→ A
n
♯ (Y ) that is a monoid homomorphism for
each nonnegative integer n. Moreover, the restriction of ψ to E(X) is a group
homomorphism into E(Y ).
Proof. Let α : X → Y be a homotopy equivalence with homotopy inverse β.
Define ψ : An♯ (X)→ A
n
♯ (Y ) by ψ(f) = α ◦ f ◦ β for each f ∈ A
n
♯ (X).
Then, ψ is well-defined, because f1 ≃ f2 ⇒ α ◦ f1 ◦ β ≃ α ◦ f2 ◦ β and
pii(α◦f ◦β) = pii(α)◦pii(f)◦pii(β) is an isomorphism on pii(Y ) for i = 0, · · · , n.
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If ψ(f1) = ψ(f2), then α ◦ f1 ◦ β ≃ α ◦ f2 ◦ β. This implies f1 ≃ f2. Thus,
ψ is one-to-one.
For h ∈ An♯ (Y ), β ◦ h ◦α ∈ A
n
♯ (X) and ψ(β ◦ h ◦α) = α ◦ (β ◦ h ◦α) ◦ β ≃ h.
Thus, ψ is onto.
Since
ψ(f ◦g) = α◦(f ◦g)◦β ≃ α◦(f ◦β◦α◦g)◦β ≃ (α◦f ◦β)◦(α◦g◦β) = ψ(f)◦ψ(g),
ψ is a monoid homomorphism.
If f ∈ E(X), then α ◦ f ◦ β ∈ E(Y ). Thus, ψ : E(X) → E(Y ) is an
isomorphism.

Proof of Theorem 1. It is sufficient to show that E(X) = An♯ (X) if and only if
E(Y ) = An♯ (Y ) for each nonnegative integer n. As E(X) ⊆ A
n
♯ (X) and E(Y ) ⊆
An♯ (Y ), we will show A
n
♯ (X) ⊆ E(X) if and only if A
n
♯ (Y ) ⊆ E(Y ). Suppose
An♯ (X) ⊆ E(X) and ψ : A
n
♯ (X) → A
n
♯ (Y ) is the one-to-one correspondence
in Lemma 3. If f ∈ An♯ (Y ), then ψ
−1(f) ∈ An♯ (X) ⊆ E(X). By Lemma 3,
ψ(ψ−1(f)) ∈ E(Y ). Thus, f ∈ E(Y ). Consequently, An♯ (Y ) ⊆ E(Y ).
Similarly, if An♯ (Y ) ⊆ E(Y ), then A
n
♯ (X) ⊆ E(X).

In Lemma 2, we showed that M(Z4, 5) is 4-connected whereas its self-
closeness number is 5. This is true in general.
Lemma 4. If X is n-connected and E(X) 6= [X,X ], then NE(X) ≥ n+ 1.
Proof. Assume NE(X) = k ≤ n. Then, E(X) = Ak♯ (X) for k ≤ n. However,
because pii(X) = 0 for i = 0, · · · , n,
An♯ (X) = · · · = A
k
♯ (X) = · · · = A
0
♯ (X) = [X,X ].
This contradicts the hypothesis. Thus, NE(X) ≥ n+ 1.

Corollary 1. Let X be a CW-complex with cells of dimension ≥ n, except
0-cells. Then, NE(X) ≥ n provided that E(X) 6= [X,X ].
The self-closeness number of a CW-complex is closely related to the dimen-
sion of the space.
Theorem 2. If X is a CW-complex with dimension n, then NE(X) ≤ n.
Proof. It is sufficient to show that An♯ (X) = E(X). Let f ∈ A
n
♯ (X). Then
pii(f) ∈ Aut(pii(X)) for i = 0, 1, · · · , n. By Theorem 5.1.32 in [2], the induced
map f♯ : [X,X ] → [X,X ] is onto. Thus, there is a map g : X → X such that
f♯(g) = idX , that is, f ◦g ≃ idX . Because pii(f)◦pii(g) = pii(f ◦g) = pii(idX) =
idπi(X) and pii(f) is an isomorphism, pii(g) ∈ Aut(pii(X)) for i = 0, 1, · · · , n.
Thus, g♯ : [X,X ]→ [X,X ] is also onto. Therefore, there is a map f
′ : X → X
such that g♯(f
′) = idX , that is, g◦f
′ ≃ idX . However, as f◦(g◦f
′) ≃ f◦idX ≃ f
CERTAIN NUMBERS ON THE GROUPS OF SELF-HOMOTOPY EQUIVALENCES 5
and f ◦ g ≃ idX , f
′ ≃ f . Thus g ◦ f ≃ g ◦ f ′ ≃ idX . Therefore, g is a homotopy
inverse of f , which implies that f ∈ E(X). 
Corollary 2. Let Sk be the k-dimensional sphere. Then, NE(Sk) = k.
Proof. As dim(Sk) = k, NE(Sk) ≤ k by Theorem 2. It is well known that
E(Sk) ∼= Z2 6= Z ∼= [S
k, Sk].
However, because Sk is (k − 1)-connected, NE(Sk) ≥ k by Lemma 4. Thus,
NE(Sk) = k. 
In the above corollary, the self-closeness number of a sphere is just its di-
mension. However, this is not true in general. Before we give an example, we
discuss the self-closeness numbers of product spaces.
Theorem 3. Let X and Y be CW-complexes. Then, we have
NE(X × Y ) ≥ max{NE(X), NE(Y )}.
Proof. Assume that E(X × Y ) = Ak♯ (X × Y ) for the nonnegative integer k <
max{NE(X), NE(Y )}. We may assume thatmax{NE(X), NE(Y )} = NE(X).
Let f ∈ Ak♯ (X) and g ∈ A
k
♯ (Y ). Then, pii(f) ∈ Aut(pii(X)) and pii(g) ∈
Aut(pii(Y )) for i = 0, · · · , k. Thus, pii(f) × pii(g) ∈ Aut(pii(X)) × Aut(pii(Y )).
Let F : pii(X × Y ) → pii(X) × pii(Y ) be an isomorphism given by F [r] =
([p1r], [p2r]) for r : S
i → X × Y , where pi is the projection to the i-th factor
for i = 1, 2. Then, we have the following commutative diagram:
pii(X × Y )
F

πi(f×g)
// pii(X × Y )
F

pii(X)× pii(Y )
πi(f)×πi(g)
// pii(X)× pii(Y ).
It follows that pii(f × g) is an isomorphism for i = 0, · · · , k. Thus, f × g ∈
Ak♯ (X×Y ) = E(X×Y ). Therefore, pii(f×g) is an isomorphism for each nonneg-
ative integer i, and so pii(f)×pii(g) is also an isomorphism for each nonnegative
integer i. Thus, pii(f) and pii(g) are isomorphisms for each nonnegative integer
i. Consequently, f ∈ E(X) and g ∈ E(Y ). As a result, E(X) = Ak♯ (X) and
E(Y ) = Ak♯ (Y ). This contradicts the minimality of NE(X).

Example 3. By the results in [17], [S1 × S3, S1 × S3] ∼= Z ⊕ Z ⊕ Z2 and
E(S1 × S3) ∼= Z2 ⊕ Z2 ⊕ Z2. Thus, by the above theorem,
NE(S1 × S3) ≥ max{NE(S1), NE(S3)} = 3.
However, as dim(S1 × S3) = 4, NE(S1 × S3) ≤ 4. Therefore, we have
NE(S1 × S3) = 3 or 4. If we give a more detailed computation, we conclude
that NE(S1 × S3) = 3. As the dimension of the space is 4, the self-closeness
number is not equal to the dimension.
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3. The self-closeness number of a Moore space
In this section, we determine the self-closeness numbers of general Moore
spaces.
Given an abelian group G and an integer n ≥ 3, let M(G,n) be a Moore
space. Then we obtain the following theorem.
Theorem 4. An♯ (M(G,n)) = E(M(G,n)).
Proof. Since E(M(G,n)) ⊆ An♯ (M(G,n)) in general, it is sufficient to show
that An♯ (M(G,n)) ⊆ E(M(G,n)). Since M(G,n) is (n − 1)-connected space,
the Hurewicz homomorphism hn : pin(M(G,n))→ Hn(M(G,n)) is an isomor-
phism. For any f ∈ [M(G,n),M(G,n)], the diagram
pin(M(G,n))
πn(f)
//
hn

pin(M(G,n))
hn

Hn(M(G,n))
Hn(f)
// Hn(M(G,n))
commutes. Let f be an element of An♯ (M(G,n)). Then pii(f) is an isomor-
phism for i ≤ n. Since hn is an isomorphism, Hn(f) is an isomorphism. Since
the Moore space has nontrivial homology only for dimension n, f is a homo-
topy equivalence by the homology version of the Whitehead Theorem. Hence
An♯ (M(G,n)) ⊆ E(M(G,n)). 
SinceM(G,n) is (n−1)-connected space, Ai♯(M(G,n)) = [M(G,n),M(G,n)]
for i < n. Moreover, since [M(G,n),M(G,n)] 6= E(M(G,n)), n is the mini-
mum number in the set {k | E(M(G,n)) = Ak♯ (M(G,n))}. Thus, we have the
following corollary.
Corollary 3. NE(M(G,n)) = n for n ≥ 3.
In [15], Rutter showed that E(M(Zq , n)) = Z(2,q) × Z
∗
q where Z
∗
q is the au-
tomorphism group of Zq and (2, q) is the greatest common divisor of 2 and q.
From Theorem 4, An♯ (M(Zq, n)) = E(M(Zq , n)) for all q > 1. Moreover, since
E(M(Zq, n)) ⊂ A
k
♯ (M(Zq , n)) ⊂ A
n
♯ (M(Zq, n)) if n ≤ k, we have
Ak♯ (M(Zq, n)) =


[M(Zq, n),M(Zq, n)] if k < n,
Z∗q if k ≥ n, q is odd,
Z2 × Z
∗
q if k ≥ n, q is even.
4. An equivalence relation on An♯ (X)
We define a relation ’≃n’ on A
n
♯ (X) as follows: for f, g ∈ A
n
♯ (X), f ≃n g if
pii(f) = pii(g) : pii(X)→ pii(X) for i = 0, · · · , n. If f ≃n g, then we say f is n-
self homotopic to g. By definition, ’≃n’ is an equivalence relation. We denote
by f¯ the equivalence class of f in An♯ (X), and call this the n-self homotopy
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equivalence class of f on X . Moreover, we denote by A¯n♯ (X) the set of all
n-self homotopy equivalence classes on X . n = ∞ is available, and we denote
A¯∞♯ (X) as simply A¯♯(X).
In general, A¯n♯ (X) 6= A
n
♯ (X).
Example 4. By [5], It was shown that E♯(S
1 × S3) = Z2. However, A♯(S
1 ×
S3) = E(S1 × S3) = Z2 ⊕ Z2 ⊕ Z2. Choose two distinct elements α, β ∈
E♯(S
1 × S3) = Z2. Then since pii(α) = idπi(X) = pii(β), α¯ = β¯ in A¯♯(S
1 × S3).
Theorem 5. Let X be a CW-complex. Then, A¯n♯ (X) is a monoid for n <∞,
and A¯♯(X) is a group.
Proof. Let us define f¯ · g¯ = f ◦ g for f, g ∈ A¯n♯ (X). Then, the operation ’·’ is
well-defined and associative. Furthermore, idX is an element of A¯
n
♯ (X). Thus,
A¯n♯ (X) has a monoid structure.
As A♯(X) = E(X) by Lemma 2, for each f¯ ∈ A♯(X), its representative f
belongs to E(X). Thus, f has the homotopy inverse g in E(X) = A♯(X). Then,
g¯ is the inverse element of f¯ . As a result, A¯♯(X) has a group structure.

Corollary 4. Let X be a CW-complex. If NE(X) = n, then A¯k♯ (X) has a
group structure for k ≥ n.
Consider the n-self equivalence class f¯ of f ∈ An♯ (X). Then, f¯ is a subset of
An♯ (X). In particular, idX is a submonoid of A
n
♯ (X). For a given g ∈ A
n
♯ (X),
we define a set g · f¯ as follows:
g · f¯ := {g ◦ α|α ∈ f¯}.
Similarly, we define the set f¯ · g as
f¯ · g := {β ◦ g|β ∈ f¯}.
In general, g ·f¯ ⊆ g ◦ f , f¯ ·g ⊆ f ◦ g, and g ·f¯ 6= f¯ ·g. Moreover, En♯ (X) ⊆ idX ⊆
An♯ (X) for each positive integer n. In fact, if f ∈ E
n
♯ (X), then pii(f) = idπi(X)
for i = 0, · · · , n. However, pii(f) = idπi(X) = pii(idX). Thus, f ∈ idX .
Lemma 5. En♯ (X) is a normal subgroup of E(X) for all n.
Proof. Let h ∈ En♯ (X) and f ∈ E(X). Then, for the homotopy inverse g of f ,
we have
pii(f ◦ h ◦ g) = pii(f) ◦ pii(h) ◦ pii(g) = pii(f) ◦ pii(g) = pii(idX) = idπi(X)
for i = 0, · · · , n. Thus, f ◦ h ◦ g ∈ En♯ (X). 
By the above lemma, we can consider the factor group E(X)/En♯ (X). Here
we investigate the relation between this factor group and the n-equivalence
classes.
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Theorem 6. E(X)/En♯ (X) is isomorphic to a subgroup of A¯
n
♯ (X) for each
positive integer n. In particular, if NE(X) = n, then A¯n♯ (X)
∼= E(X)/En♯ (X).
Proof. Define Ψ : E(X)/En♯ (X)→ A¯
n
♯ (X) by Ψ(f · E
n
♯ (X)) = f¯ . If f · E
n
♯ (X) =
g · En♯ (X) for f, g ∈ E(X), then g
−1 ◦ f ∈ En♯ (X). Thus, idπi(X) = pii(g
−1 ◦ f) =
pii(g
−1) ◦ pii(f) for i = 0, · · · , n. It follows that pii(g) = pii(f) for i = 0, · · · , n
and f¯ = g¯. Thus, we conclude that Ψ is well-defined.
If Ψ(f ·En♯ (X)) = Ψ(g·E
n
♯ (X)), then f¯ = g¯ in A¯
n
♯ (X). Thus, pii(g) = pii(f) for
i = 0, · · · , n. Therefore, idπi(X) = pii(g)
−1◦pii(f) = pii(g
−1◦f) for i = 0, · · · , n.
It follows that g−1 ◦ f ∈ En♯ (X). That is, f · E
n
♯ (X) = g · E
n
♯ (X). Thus, Ψ is
one-to-one.
Furthermore, since Ψ((f · En♯ (X)) · (g · E
n
♯ (X))) = (f ◦ g) · E
n
♯ (X) = f ◦ g =
f¯ · g¯ = Ψ((f · En♯ (X)) ·Ψ((g · E
n
♯ (X)), Ψ is a monomorphism.
In the case that NE(X) = n, Ψ is onto. In fact, if f¯ ∈ A¯n♯ (X), then
f ∈ An♯ (X) = E(X) and Ψ(f · E
n
♯ (X)) = f¯ .

Corollary 5. A¯♯(X) ∼= E(X)/E♯(X).
Corollary 6. If En♯ (X) = {idX} for some positive integer n, A¯♯(X)
∼= E(X).
Proof. Let En♯ (X) = {idX}. Since E♯(X) ⊆ · · · ⊆ E
n
♯ (X), E♯(X) = {idX}.
Thus, A¯♯(X) ∼= E(X) by Corollary 5. 
Example 5. In [8], It was shown that En+2♯ (M(Zq, n+1)∨(M(Zp, n)) = {idX}
for n > 4 if q and p are odd. Thus,
A¯♯(M(Zq, n+ 1) ∨ (M(Zp, n)) ∼= E(M(Zq, n+ 1) ∨ (M(Zp, n))
by Corollary 6.
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